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Nuclear systems with Z = 2, N = 2 is studied by the QCD inequality method. It is shown that
QCD implies the existence of a J = 0 state with even isospin lighter than all states with isospin
I ≤ 6 and I +J = even. This agrees with the experimental fact that the alpha particle is the ground
state of the four nucleon system.
The QCD inequality method is a useful technique to obtain rigorous results about nonperturbative QCD physics.
It has been applied to study the properties of the QCD vacuum [1] and masses of hadrons [2,3]. In a previous letter
[4], we have applied the QCD inequality method to study the proton-neutron system. Here we will extend our work
to the four-nucleon system, and show that, in the limit where isospin symmetry is exact, the ground state of a Z = 2,
N = 2 nuclei cannot be an I  6 state with I + J = even, as there must be a lighter J = 0 state with even isospin.
This agrees with the experimental fact that the alpha particle, with zero spin and isospin, is the ground state of a
4He nuclei.
The essence of the argument is a peculiar choice of interpolating elds to ensure that, when the correlation functions
are expressed as a path integral, the function integrands are purely real. Then one can apply the Schwarz inequality∣∣∣∣∫ dµ gh∣∣∣∣  [(∫ dµ g2)( ∫ dµ h2)]1=2 , (1)
to obtain an inequality between the correlation functions, which in turn implies an inequality in the masses of the
states.
We will begin by briefly reviewing some general feature of the QCD inequality method. Consider interpolating elds
J1;2 carrying nontrivial quantum numbers, whereby nontrivial quantum numbers we mean the vacuum expectation
values of J1;2 vanish,
hhJ1;2ii  hvacjJ1;2jvaci = 0. (2)
It is well known that, at large Euclidean distances, the two-point function G(x) = hhJ2(x)J1(0)ii is dominated by the
state fjϕ0ig with lowest mass m0 which can be created by J1 and annihilated by J2 [5].
G(x)  hhJ2(x)J1(0)ii  hvacjJ2jϕ0i exp(m0jxj) hϕijJ1jvaci, jxj ! 1. (3)
Therefore, given two sets of interpolating elds (J1, J2) and ( ~J1, ~J2), one can deduce that if
G(x)  hhJ2(x)J1(0)ii  hh ~J2(x) ~J1(0)ii  ~G(x) for all x, (4)
then
m0  ~m0, (5)
where m0 ( ~m0) is the mass of the lightest state which can be created by J1 ( ~J1) and annihilated by J2 ( ~J2).
It is important to note that the argument above does not depend on the form of the interpolating elds. The
exponential form of the propagator ensures that the lightest state will dominate at large Euclidean distances as long
as the coupling of the interpolating eld to the lowest mass state is non-zero.
There is an alternative way to express G(x), namely as a functional integral.
G(x) = 1Z
∫
D[A] exp(−S) det(/DA + m) F (x, [A]) 
∫
dµ F (x, [A]), (6)
with S the usual Yang{Mills action, /DA the Dirac operator in the gluon conguration [A]; F (x, [A]) a functional
integrand which depends on [A]. The measure
dµ = 1Z D[A] exp(−S) det(/DA + m) (7)
for an Euclidean theory is positive denite [1{3], enabling us to exploit the Schwarz inequality.
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The Schwarz inequality, however, can be implemented only if the measure is positive and both g and h, dened
in Eq. (1), are real. The integrand F (x) as dened above is the interpolating elds connected by Dirac propagators
SA(x, 0) satisfying
(/DA + m) SA(x, 0) = δ(x). (8)
The Dirac propagator, a 4  4 matrix in spinor space, is in general complex for general [A]. However, it can easily






A (x, 0), where S
KG
A (x, 0), the covariant Klein{Gordon
propagator (the Green function of the Klein{Gordan operator D2A + m
2), is a purely real quantity. Accordingly we
see the propagator between quark elds qL and qR is always real. Thus our functional integrands will be real provided
we study the correlation function of real interpolating elds J1;2 made up of qL and qR, respectively.
Next we introduce the interpolating elds appropriate for N = Z = 2 systems. We choose:
JL(x) = UL(x)DL(x), JR(x) = UR(x) DR(x), (9)




dµ FU (x, [A]) FD(x, [A]), (10)
The path integrand can be factorized into an \up" part and a \down" part, which can be bounded by the Schwarz
inequality.















where (uaL)i is the ith component (for concreteness, in the Dirac representation) of a left-handed up quark eld with
color a, and C the charge conjugation operator. It is important to note that these denitions actually do not depend
on the representation of the Dirac algebra. The reason is simple: recall that uR can create an up quark in any of
the three color and two spin states, giving a total of 2  3 = 6 states at each spatial position. However, since UR(x)
contains six uR(x)’s at the same spatial position, the Pauli principle implies that it must ll all six possible states,
regardless of the representation of the Dirac matrices. By the same token, it is also easy to see that UR is a Lorentz
scalar operator. The same comment applys to UL(x) and to the \down" interpolating elds DL(x) and DR(x), which
are dened in analogy with their \up" counterparts.
Now consider the following path integral representation of the two point function below:
hh∂UL(x) ∂ UR(0)ii =
∫
dµ FU (x, [A]). (12)
where the functional integrand FU (x, [A]) is constructed by contracting our propagators with the forms of the
interpolating elds. For all indiices µ and ν, FU (x, [A]) is real, a trivial consequence of the reality of both the
propagators and the interpolating elds. One can dene FD analogously, which is a priori dierent from FD.
However, in the limit where isospin symmetry is exact, i.e., when mu = md and electromagnetic eects are negligible,
then FU (x, [A]) = FD (x, [A]) for all [A].
The 4He interpolating elds are dened as below:
JL (x) = ∂
UL(x) ∂DL(x)
JR (x) = ∂
 UR(x) ∂ DR(x), (13)
and their correlation function is given by:
G(x) = hhJL (x) JR (0)ii =
∫
dµ FU (x, [A]) FD (x, [A]), (14)
where the measure dµ is dened in Eq. (7). Since the measure of the path integrals in Euclidean space is positive
denite, Schwarz inequality is applicable and
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∣∣G(x)∣∣ = ∣∣∣∣∫ dµ FU (x, [A]) FD (x, [A])∣∣∣∣

[( ∫
dµ FU (x, [A]) FU (x, [A])
) ( ∫




dµ FU (x, [A]) FD (x, [A])
) ( ∫







where the repeated indices are not summed over , and the second equality is due to FU (x, [A]) = FD(x, [A]). Note that
G (x) =
∫
dµ FU (x, [A]) FD (x, [A]), (16)
is positive denite as the integrand is the perfect square of a real function. Inequality (15) gives an upper bound to
G(x) ∣∣G(x)∣∣  max(G(x), G(x)). (17)
Without loss of generality, we will assume that G(x)  G(x) at large Euclidean distances and∣∣G(x)∣∣  G (x). (18)
(If it turns out that G (x)  G(x), one can simply relabel (µ, ν) $ (κ, λ).)
Both JL (x) and J

R (x) are rank 2 tensor elds and in general can couple to particles of spin J  2 and isospin
I  6. However, they are invariant under simultaneously flipping u $ d (and hence U $ D) and µ $ ν.
JL (x) = ∂
UL(x) ∂DL(x) u↔d; ↔−−−−−−−−−!∂DL(x) ∂UL(x) = JL (x), (19)
which means that it is either symmetric in both real space and isospace, or antisymmetric in both. Hence, by
considering the nonrelativistic limit, it is straightforward to see that JL (x) couples to states which the spin and
isospin are either both odd or both even, i.e., I + J = even. Whether it couples to I + J = odd states we will not
discuss.
On the other hand, one can construct interpolating elds from JL (x) and J


















∂ UR(x) ∂ DR(x). (20)
And the corresponding correlation function is








Since G(x) is positive denite, a sum of them is greater than each individual term, and
G(x)  G(0)(x) for all µ and ν. (22)
Putting inequalities (18) and (22) together, we have∣∣G(x)∣∣  G(0)(x) for all x. (23)
As mentioned above, G(x) receives contribution from states with (I, J) = (odd, odd) or (even, even), while only
J = 0 states with even isospin contribute to G(0)(x). By the general framewrok of QCD inequality, this implies
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m(any state with I  6, J  2 and I + J = even)  m(α), (24)
where jαi is the lightest J = 0 state carries even isospin. This result agrees with the experimental fact that the alpha
particle, with zero spin and isospin, is the ground state of the N = Z = 2 nuclei system.
Inequality (24) gives a lower bound to states with I  6, J  2 and I + J = even. It turns out one can extend this
result to states of all spins (not only J  2) by studying the following interpolating elds instead.
J1:::N1:::NL (x) = ∂
1:::NUL(x) ∂1:::NDL(x), (25)








and a similarly dened J (0)R (x). Then a parallel analysis shows that
hhJ1:::N1:::NL (x) J1:::N1:::NR (0)ii  hhJ (0)L (x) J (0)R (0)ii. (27)
Since N is an arbitrary integer, this implies,
m(any state with I  6 and I + J = even)  m(α), (28)
Inequality (28) is the central result of this paper. This derivation is model independent and follows strictly from
QCD up to the standard technical assumptions of the validity of Wick rotations, the existence of the continuum limit
(to regulate the path integrals; for details cf. Ref. [4]), and exact isospin invariance (to ensure FU = FD). We have
also assumed that there is no accidental zeros in the spectral function ρ(s) so that our interpolating elds couple to
all states with allowable quantum numbers.
A straightforward generalization of the argument above should allow one to study N = Z = even nuclei. It should
be possible to show that the ground state of all these N = Z = even nuclei cannot carry both odd spin and odd
isospin, as there must be a lighter J = 0 state with even isospin. This pattern is indeed found in the real world, where
the ground state of all even-even nuclei are spin 0. The details of the analysis of these system will be presented in a
forecoming publication.
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